We consider a three-dimensional rotating Hořava AdS black hole, that corresponds to a Lorentzviolating version of the BTZ black hole and we analyze the effect of the breaking of Lorentz invariance on the possibility that the black hole can acts as a particle accelerator by analyzing the energy in the center of mass (CM) frame of two colliding particles in the vicinity of its horizons. We find that the critical angular momentum of particles increases when the Hořava parameter ξ increases and when the aether parameter b increases. Also, the particles can collide on the inner horizon with arbitrarily high CM energy if one of the particles has a critical angular momentum being possible the BSW process, for the non-extremal rotating Hořava AdS black hole. Mainly, while that for the extremal BTZ black hole the particles with critical angular momentum only can exist on the degenerate horizon, for the Lorentz-violating version of the BTZ black hole the particle with critical angular momentum can exist in a region from the degenerate horizon.
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I. INTRODUCTION Bañados, Silk and West (BSW) [1] demonstrated that two particles colliding near the degenerate horizon of an extreme Kerr black hole could create a large center of mass (CM) energy if one of the particles has a critical angular momentum; thus, extreme Kerr black holes can act as natural particle accelerators. Nowadays, this process is known as the BSW mechanism, which was found for the first time by Piran, Shaham and Katz in 1975 [2] [3] [4] . The same mechanism also occurs for non-extremal ones [5] , and it is a universal property of rotating black holes [6] . Also, it was shown that the similar effect exists for non-rotating charged black holes [7] . Moreover, the extension of the BSW mechanism to non-extremal backgrounds shows that particles cannot collide with arbitrarily high energies at the outer horizon and that ultra-energetic collisions can only occur near the Cauchy horizon of a Kerr black hole with any spin parameter [8] . The non-extremal Kerr-de Sitter black holes could also act as particle accelerators with arbitrarily high CM energy if one of the colliding particles has the critical angular momentum [9] . The BSW mechanism has been extensively studied for different black hole geometries . Furthermore, the formation of black holes through the BSW mechanism was investigated in [31] .
Nowadays, one could think that Lorentz invariance may not be fundamental or exact, but is merely an emergent symmetry on sufficiently large distances or low energies. It has been suggested in Ref. [32] that giving up Lorentz invariance by introducing a preferred foliation and terms that contain higher-order spatial derivatives can lead to significantly improved UV behavior, the corresponding gravity theory is dubbed Hořava gravity. The three-dimensional Hořava gravity [33] admits a Lorentz-violating version of the BTZ black hole, i.e. a black hole solution with AdS asymptotics, only in the sector of the theory in which the scalar degree of freedom propagates infinitely fast [34] . Remarkably, in contrast to general relativity, the three-dimensional Hořava gravity also admits black holes with positive and vanishing cosmological constant. The propagation of a massive scalar field is stable in this background [35] . Also, new kinds of orbits are allowed, such as unstable circular orbits and trajectories of first kind for the motion of photons [36] . The aim of this work is to consider three-dimensional rotating Hořava AdS black holes [34] and to study, via the BSW mechanism, the possibility of obtaining unbounded energy in the CM frame of two colliding particles and to analyze the effect of Lorentz breaking symmetry on this. The BSW mechanism in Hořava-Lifshitz black hole was studied in four spacetime dimensions [38, 39] , and in two spacetime dimensions [40] . It is worth mentioning that for extreme rotating black holes in four-dimensional Hořava gravity the fundamental parameter of Hořava gravity can avoids an infinite value of the CM energy [38] .
In three spacetime dimensions the collision of two particles near the horizon of a BTZ black hole was studied in Ref. [41] [42] [43] . In Ref. [41, 42] the authors found that the particle with the critical angular momentum could exist inside the outer horizon of the BTZ black hole regardless of the particle energy with the BSW process being possible on the inner horizon for the non-extremal BTZ black hole. Also, the BSW process could also happen for the extremal BTZ black hole, where the particle with the critical angular momentum could only exist on the degenerate horizon. On the other hand, in Ref. [43] , the authors studied the collision of two particles on the event horizon and outside of the BTZ black hole, and they showed that although in principle the CM energy of two ingoing particles can be arbitrarily large on the event horizon, if either of the two particles has a critical angular momentum and the other has a non-critical angular momentum, the critical particles never reach the event horizon. However, the motion of a particle with a subcritical angular momentum is allowed near an extremal rotating BTZ black hole and that a CM energy for a tail-on collision at a point can be arbitrarily large in a critical angular momentum limit. Also, the BSW effect is possible on the outer horizon in the extremal warped AdS 3 black hole, and the particle with critical angular momentum can reach the degenerate horizon when a condition on its energy is fulfilled [44] , which resembles to what occurs in the extremal Kerr-AdS black hole; however, in the extremal Kerr-AdS black hole two conditions must be fulfilled [9] ; besides, this effect is also possible on the inner horizon for the non-extremal warped AdS 3 black hole.
The manuscript is organized as follows: In Sec. II we give a brief review of the three-dimensional rotating Hořava black holes. Then, we study the particle's motion in this background in Sec. III. In Sec. IV, we obtain the CM energy of two colliding particles, and in Sec. V we study the radial motion of a particle with critical angular momentum and we investigate the possibility that the black hole acts as a particle accelerator. Finally, our conclusions are in Sec. VI.
II. THREE-DIMENSIONAL ROTATING HOŘAVA BLACK HOLES
The three-dimensional Hořava gravity is described in a preferred foliation by the action [33] 
being the line element in the preferred foliation
where g ij is the induced metric on the constant-T hypersurfaces. G H is a coupling constant with dimensions of a length squared, g is the determinant of g ij and the Lagrangian L 2 has the following form
where K ij , K, and (2) R correspond to extrinsic, mean, and scalar curvature, respectively, and a i is a parameter related to the lapse function N via a i = −∂ i ln N . L 4 corresponds to the set of all the terms with four spatial derivatives that are invariant under diffeomorphisms. For λ = ξ = 1 and η = 0, the action reduces to that of general relativity. In the infrared limit of the theory the higher order terms L 4 (UV regime) can be neglected, and the theory is equivalent to a restricted version of the Einstein-aether theory, the equivalence can be showed by restricting the aether to be hypersurface-orthogonal and the following relation is obtained
where u α is a unit-norm vector field called the aether, see Ref. [45] for details. Another important characteristic of this theory is that only in the sector η = 0, Hořava gravity admits asymptotically AdS solutions [34] . Therefore, assuming stationary and circular symmetry the most general metric is given by
and by assuming the aether to be hypersurface-orthogonal, it results
The theory admits the BTZ "analogue" to the three-dimensional rotating Hořava black holes described by the solution
The sign of the effective cosmological constantΛ determines the asymptotic behavior (flat, dS, or AdS) of the metric. Also,J 2 can be negative, this occurs when either ξ < 0 or ξ > 1, a 2 > J 2 /(4(ξ − 1)). The aether configuration for this metric is given explicitly by
where a and b are constants that can be regarded as measures of aether misalignment, with b as a measure of asymptotically misalignment, such that for b = 0 the aether does not align with the timelike Killing vector asymptotically. Note that for ξ = 1 and λ = 1, the solution becomes the BTZ black hole, and for ξ = 1 and λ = 1, the solution becomes the BTZ black hole with a shifted cosmological constantΛ = Λ−2b 2 (λ−1). However, there is still a preferred direction represented by the aether vector field which breaks Lorentz invariance for λ = 1 and b = 0. The locations of the inner and outer horizons r = r ± , are given by
and the Hawking temperature T H is given by
. ForJ = J (ξ = 1), there is a curvature singularity due to the Ricci scalar R = −6Λ + 1 2r 2 J 2 − J 2 is divergent at r = 0, in contrast to the BTZ black holes where the Ricci and Kretschmann scalars are finite and smooth at r = 0. Considering M > 0 and a negative cosmological constant Λ < 0, the conditionJ 2 |Λ| ≤ M 2 must be fulfilled for the solution represents a black hole. For 0 <J 2 |Λ| < M 2 the black holes have inner and outer horizons r − and r + , the extremal case corresponds toJ 2 |Λ| = M 2 , while that for J 2 < 0 the black holes have outer horizon r + , but no inner horizon r − . The value of ξ for which the black hole is extremal is given by [35] 
the value of ξ for which the black hole turns from having two horizons to having one horizon is given by ξ c = 4a 2 +J 2 4a 2 , and the value of ξ for which the effective cosmological constantΛ changes sign is ξ = (2λ−1)b 2 b 2 +λ . In Fig. (1) , we show the behavior of the lapse function F (r) 2 , for a choice of parameters, and different values of ξ, where we can observe the existence of one horizon for ξ > ξ c (ξ = 1.80) withJ 2 < 0, one horizon with r − = 0, for ξ = ξ c ≈ 1.36 orJ = 0, two horizons for ξ e < ξ < ξ c , and one degenerate horizon for ξ = ξ e ≈ 1.07. Besides the existence of inner and outer horizons, what is perhaps the most interesting feature within the context of Lorentz-violating gravity theories is that they can have universal horizons, which are given by [34] 
In Fig. (2) , we plot the behavior of the horizons as a function of the parameter b, and as a function of a in Fig. (3) , for a choice of parameters. It is possible to observe different zones. One of them, is limited by r − and r + ; and it is described by the existence of the aether, where the roots r ± u are imaginary and therefore there are no universal horizons. Other zones are characterized by two real and distinct universal horizons inside the region between r − and r + , outside r − , and inside r + ; and an especial zone where both universal horizons coincide and is given by
where a ± are the roots of
In the region between r − u and r + u , the aether turns imaginary and the foliation cannot be extended until the singularity. So, if this region is located between the inner and outer horizon then the BSW process it is not possible on the inner horizon r − because the aether is imaginary. 
III. MOTION EQUATIONS
In this section, we find the motion equations of probe massive particles around the three-dimensional Hořava AdS black hole. It is important to emphasize [46] that in a Lorentz-violating scenario, particles will be generically coupled to the aether field generating UV modifications of the matter dispersion relations, it is more, one can also expect radiative corrections in the infrared sector but these contributions are suppressed by knows mechanisms. In our analysis we are interested on the infrared limit of the theory; so the presence of higher-order terms (L 4 ) related to the UV behavior of the theory are ignored and in this case the theory can be formulated in a covariant fashion, and it then becomes equivalent to a restricted version of Einstein-aether theory [34] . Since our analysis is focused in the low energy part of the theory, the interaction between the massive particle and the aether field is ignored, thus the presence of aether field only affect the background spacetime geometry. It is worth mentioning that a similar analysis was performed in [37] where the authors analyzed the evolution of the photon around the static neutral and charged aether black holes using the Hamilton-Jacobi equation. Therefore, the massive particles follow the typical geodesics in such given black holes spacetime, that can be derived from the Lagrangian of a test particle, which is given by [47] 
whereẋ µ = dx µ /dτ , and τ is an affine parameter along the geodesic that we choose as the proper time. So, for the three-dimensional rotating Hořava AdS black hole described by the metric (5), the Lagrangian reads
Since this Lagrangian is independent of the cyclic coordinates (t, φ), their conjugate momenta (Π t , Π φ ) are conserved. The equations of motion are obtained fromΠ q − ∂L ∂q = 0, where Π q = ∂L/∂q are the conjugate momenta to the coordinate q, and are given by
where E and L are dimensionless integration constants associated with each of them. The Hamiltonian
yields
Now, we solve the above equations forṙ 2 in order to obtain the radial equation which allows us to characterize the possible movements of the test particles without an explicit solution of the equations of motion, which yielḋ
The above equations represent all nonzero 3-velocity components u = (ṫ,ṙ,φ) for the geodesic motion that will be used in the next section to obtain the CM energy of two colliding particles falling freely from rest with the same rest mass m 0 in the three-dimensional rotating Hořava AdS black hole background. We will assumeṫ > 0 for all r > r + so that the motion is forward in time outside the horizon. So, the following condition must be fulfilled E + LΩ(r) > 0, for all r > r + .
Now, we write the equation of motion of the particle in the radial direction as:ṙ 2 + V (r) = 0, where V is the effective potential of the particle in the radial direction and reads
By analyzing this effective potential we can determine if a particle can reach the event horizon. The motion of the particle is allowed in regions where V (r) ≤ 0, and it is prohibited in regions where V (r) > 0. It is clear that the particle can exist on the event horizon r = r + because Z 2 (r + ) = 0, and then the effective potential is negative. On the other hand, when r → ∞ it is easy to show that the effective potential approximates to
This expression shows that the existence of a massive particle at infinity depends on the effective cosmological constant (Λ) and not on its energy E. Therefore, massive particles can not exist at infinity in the AdS case, as is shown in Fig. (4) for different values of the parameter ξ, and in Fig. (5) for the case r − u = r + u . (23) is satisfied for all r. 
IV. THE CM ENERGY OF TWO COLLIDING PARTICLES
In order to calculate the CM energy of two colliding particles, we use the expressions of the components of the 3-velocity derived in the last section to obtain the CM energy of the colliding particles. Also, we consider that the particles have the same rest mass m 0 , energies E 1 and E 2 and angular momentum L 1 and L 2 , respectively. From the relation E CM = √ 2m 0 1 + g µν u µ 1 u ν 2 , where u 1 and u 2 denotes the 3-velocities of the particles, we obtain
where
and the subscript takes the values i = 1, 2. Also, when the particles arrive to the event horizon r = r + , Z 2 (r + ) → 0, H 1 → K 2 1 and H 2 → K 2 2 , the CM energy (26) at the horizon yields:
From the last expression we note that if K 1 K 2 < 0 the E 2 CM on the horizon will be a negative infinity therefore the CM energy will be imaginary and so it is not a physical solution. In fact, we can set K 1 < 0 and K 2 > 0 without loss of generality; however, K 1 < 0 outside the event horizon is in contradiction with condition (23). However, when K 1 K 2 ≥ 0, the numerator of this expression will be zero and the value of E CM will be undetermined. Now, in order to find the limiting value of the CM energy at the horizon we can use the L'Hôpital rule, obtaining
Now, the numerator of the above expression is finite at the horizon and if K i (r + ) = 0 the CM energy of two colliding particles on the horizon could be arbitrarily high, E CM Ki=0 → ∞. So, from K i (r + ) = 0 we obtain that the critical angular momentum is given by:
On the other hand, when K 1 (r + ) and K 2 (r + ) are both zero, then E CM is finite at the horizon. In this case H 1 (r + ) = H 2 (r + ) = 0 and
Therefore, in order to obtain an infinite CM energy only one of the colliding particles must have the critical angular momentum, making the BSW process possible. In Figs. (6) and (7) we show the behavior of E 2 CM (r + ) versus L 1 for different values of the Hořava parameter ξ and aether misalignment parameter b, respectively. We observe that there is a critical value of the angular momentum for the particle 1 at which the CM energy blows up. Clearly the figures show up that when the parameter ξ increases, L 1 = L C increases, the same behavior occurs when the parameter b associated to the aether field increases. Note that only in the extremal case, the limiting value of the critical angular momentum has to be reached from the left of the asymptotic value in order to get positive CM energy E 2 CM (r + ) in all the other cases it has to be reached from the right . Additionally, in Fig. (8) , we have plotted L c in terms of the Hořava parameter ξ for different values of the energy E. It is shown that the critical angular momentum L c increases when the energy of particle 1 increases or the Hořava parameter increases. 
V. RADIAL MOTION OF THE PARTICLE WITH CRITICAL ANGULAR MOMENTUM
Now, we will study the radial motion of the particle with critical angular momentum and energy E. As we have mentioned, the particle can reach the event horizon of the black holes if the square of the radial component of the 3-velocityṙ 2 in Eq. (22) is positive or V is negative in the neighborhood of the black hole horizon. We will denote the explicit form ofṙ 2 with critical angular momentum as R c (r), which is given by
and it vanishes on the event horizon. Also, for some values of the parameters, R c can be positive, which implies that particles with critical angular momentum can exist outside the event horizon; however, as we shall see, they cannot reach the event horizon unless r + = r − . Particles with critical angular momentum can reach the event horizon if the following condition dR c dr r=r+ > 0 is satisfied. From (32) we find
for r + = r − ; therefore, the massive particle with the critical angular momentum cannot exist just outside of the event horizon r r + if the background is AdS. In Fig. 9 we plot the behavior of R c and dR c dr as a function of r for this background.
On the other hand, particles with critical angular momentum can reach the Cauchy horizon r − if dR c dr r=r− > 0.
From (32) we find
Therefore, the massive particle with critical angular momentum can reach the Cauchy horizon when −Λ 1 +
− and the condition that both universal horizon coincide to avoid the zone where aether turns imaginary. For J 2 < 0 there is not inner horizon r − , so, the BSW mechanism does not occur. Furthermore, for the extremal black hole r + = r − we obtain
and
Then, clearly Eqs. (35) and (36) are zero on the event horizon, then it is necessary to calculate d 2 R c dr 2 | r=r+ :
If d 2 R c dr 2 r=r+ > 0, the particle with critical angular momentum will reach the degenerate horizon. This is fulfilled when
Therefore, particles with critical angular momentum satisfying the condition (38) will arrive to the degenerate horizon and thus the BSW process is possible. Note also that if d 2 R c dr 2 > 0, R C has a zero also at r 0 = E √ J 2 −4r 4 + |Λ| Jm √ |Λ| which is grater than r + , and the particles with critical angular momentum can exist at r + ≤ r ≤ r 0 . In Fig. (9) we plot the behavior of R c and dR c dr as a function of r for the three-dimensional extremal and non-extremal rotating Hořava AdS black hole. We observe that the particle with critical angular momentum can reach the degenerate horizon if the condition (38) is satisfied, and thus the BSW process is possible. It is worth highlighting that this result is different from the usual rotating BTZ black holes (ξ = 1 and λ = 1), where the massive particles only can exist on the degenerate horizon [42] . Additionally, Fig. (10) shows up that for the non-extremal case the region where dR c dr > 0 is inside the event horizon r + , in particular dR c dr r=r− > 0, then, the massive particles with critical angular momentum can reach the inner horizon r − . 
VI. FINAL REMARKS
In this paper we considered the collision of two particles in the vicinity of the horizon of a three-dimensional rotating Hořava AdS black hole described by a Lorentz-violating version of the BTZ black hole, i.e. a black hole solution with AdS asymptotics, and we analyzed the energy in the CM frame of the colliding particles in order to investigate the effect of the breaking of the Lorentz invariance on the possibility that the black hole can act as a particle accelerator. Thus, the differences observed with respect to the BTZ metric are attributed to the breaking of the Lorentz invariance.
We showed that depending on the parameters, the lapse function can represent a spacetime without an event horizon, i.e. a naked singularity, a black hole geometry with one event horizon, an extremal black hole and finally a black hole with two horizons. Also, one of the most interesting feature within the context of Lorentz-violating gravity theories is that they can have universal horizons. Thus, it is possible to observe different zones. One of them, is limited by r − and r + , and it is described by the existence of the aether, where the roots of r u are imaginary. Other zones are characterized by two real and distinct universal horizons inside the region between r − and r + , outside r − , and inside r + ; and an especial point where both universal horizons coincide. In the region between r − u and r + u , the aether turns imaginary and the foliation cannot be extended until the singularity. So, if this region is located between the inner and outer horizons then the BSW process is not possible on the inner horizon r − because the aether is imaginary. We found the following behavior:
• The existence of a massive particle at infinity depends on the effective cosmological constant (Λ) and not on its energy E. Thus, massive particles can not exist at infinity for Hořava AdS black holes.
• For a background with positive inner and outer horizons r ± , ξ e < ξ < ξ c , we found that the particles with critical angular momentum will never reach the event horizon; therefore, the black hole cannot act as a particle accelerator with unlimited CM energy on the event horizon. On the other hand, the particles can collide on the inner horizon with arbitrarily high CM energy being possible the BSW process. Also, we showed that the critical angular momentum increases when the Hořava parameter ξ increases and the aether parameter b increases.
• For the extremal case, ξ = ξ e , we found that the particle with critical angular momentum can exist on the degenerate horizon as long as its conserved energy fulfills the condition E 2 < m 2 |Λ|J 2 r 2 + J 2 −J 2 with the BSW process being possible. Also, we showed that the critical particle can exist between r + ≤ r ≤ r 0 , with r 0 = E √ J 2 −4r 4 + |Λ| Jm √ |Λ| , this result is different to the extremal BTZ black holes where particles with critical angular momentum only can exist on the degenerate horizon.
• For ξ = ξ c , that is, r − = 0, the two sectors converge. This occurs when J 2 + 4a 2 (1 − ξ) = 0 (J = 0). Also, the fine tuning of the critical angular momentum L c is bigger than the extremal and the non-extremal cases, nevertheless the particle with L c will never reach the event horizon.
• In the range ξ > ξ c the black hole only has one horizon r + > 0. For this case J 2 < 4a 2 (ξ − 1) and the BSW mechanism is not possible.
